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D , Abstract. We calculate high energy massive scattering amplitudes of closed bosonic 

string compactified on the torus. We obtain infinite linear relations among high en- 
00 , ergy scattering amplitudes. For some kinematic regimes, we discover that some linear 

CNJ ' relations break down and, simultaneously, the amplitudes enhance to power-law behav- 

ior due to the space-time T-duality symmetry in the compact direction. This result is 
consistent with the coexistence of the linear relations and the softer exponential fall-off 
behavior of high energy string scattering amplitudes as we pointed out prevously. It is 
O |' also reminiscent of hard (power-law) string scatterings in warped spacetime proposed by 

D , Polchinski and Strassler. 
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1. Introduction and Overview 



It is well known that there are two fundamental characteristics of high energy string 
scattering amplitudes, which make them very different from field theory scatterings. These 
are the softer exponential fall-off behavior (in contrast to the hard power-law behavior 
of field theory scatterings) and the existence of infinite Regge-pole structure in the form 
factor of the high energy string scattering amplitudes. 

For the last few years, high-energy, fixed angle behavior of string scattering amplitudes 
[1, 2, 3] was intensively reinvestigated for massive string states at arbitrary mass levels [4, 
5, 6, 7, 8, 9, 10, 11, 12]. An infinite number of linear relations among string scattering 
amplitudes of different string states were discovered. An important new ingredient of these 
calculations is the zero-norm states (ZNS) [13, 14, 15] in the old covariant first quantized 
(OCFQ) string spectrum. The discovery of these infinite linear relations constitutes the 
third fundamental characteristics of high energy string scatterings, which is not shared 
by the usual point-particle field theory scatterings. 

More recently, it was tempted to conjecture that [16, 17, 18] the newly discovered 
linear relations, or stringy symmetries, are responsible for the softer exponential fall- 
off string scatterings at high energies. One way to justify this conjecture (that is: the 
coexistence of the infinite linear relations and the softer exponential fall-off behavior of 
high energy string scatterings) is to find more examples of high energy string scatterings, 
which show the unusual hard power-law behavior and, simultaneously, give the breakdown 
of the infinite linear relations. With this in mind, in this report [19] we calculate high 
energy, fixed angle massive scattering amplitudes of closed bosonic string compactified on 
the torus [20]. In the Gross regime (GR), for each fixed mass level with given quantized 
and winding momenta |ni?), we obtain infinite linear relations among high energy 



2 



JEN-CHI LEE AND YI YANG 



scattering amplitudes of different string states. Moreover we discover that, for some 
kinematic regime, the so called Mende regime (MR), infinite linear relations with Nr = Nl 
break down and, simultaneously, the amplitudes enhance to power-law behavior [19]. It 
is the space-time T-duality symmetry that plays a role here. 

There was another motivation to study the unusual high energy hard power-law be- 
havior of string scattering. This is mainly motivated by the Gauge/String duality in the 
Type II B string theory on AdS^ background [21]. The work of Polchinski and Strassler 
and others [22, 23] suggested that the high energy behavior of string scattering in warped 
spacetime gives a consistent hard power-law behavior. It would be an interesting prob- 
lem to understand the common features of the power-law string scatterings in these two 
different string backgrounds. 

2. High Energy Scattering 

We consider 26D closed bosonic string with one coordinate compactified on S* 1 with 
radius R. The closed string boundary condition for the compactified coordinate is 

(1) X 2 \a + 2ix,T) = X 25 (a,r) + 2nRn, 

where n is the winding number. The momentum in the X 25 direction is then quantized 
to be 

where m is an integer. The left and right momenta are defined to be 

771 \ 1 

(3) K L:R = K ± L = - ± -nR K = - (K L + K R ) , 
and the mass spectrum can be calculated to be 

(4) / M 2 ={^ + \n 2 R^+N R + N L -2^Kl + Ml^Kl + Ml 
\ N R -N L = mn 

where Nr and are the number operators for the right and left movers, which include 
the counting of the compactified coordinate. We have also introduced the left and the 
right level masses as 

(5) Ml R = 2 (N LtR - 1) . 

In the center of momentum frame, the kinematic can be set up to be 



k lL)R = (+^/p 2 + Ml -p, 0, -K 1L ,^j , 



(6) 

(7) k 2LtR = \ + yV + Ml +p, 0, +K 2L<R j , 

(8) k 3LtR = ^- yV + Mf, -q cos 0, -q sin 0, -K 3L ^ , 

(9) h LtR = ^- \jq 2 + Ml, +q cos 0, +q sin 0, +K iLtR ^j 
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where p = |p| and q = |q| and 

(io) h = X - (k iR + k iL ) , 

'2 s j2 



(11) ki = Kf-Mf, 

(12) k^ R = Kf L>R -M? = -M^ R . 

With this setup, the center of mass energy E is 

(13) E = \ {yft + M 2 + sjp 2 + Mpj = \ (y/f + M* + sjq* + M t 

The conservation of momentum on the compactified direction gives 

(14) mi — m 2 + m 3 — m 4 = 0, 

and T-duality symmetry implies conservation of winding number 

(15) n\ — n 2 + n 3 — = 0. 

The left and the right Mandelstam variables are defined to be 



\2 



\2 



(16) s LtR = -(k 1L ,R + k 2 L,l!) 

(17) t L)R = -(k 2 L,R + h L)R ) 

(18) U L,R = {k\L,R ~\~ ^3L,i?) 2 - 

We now proceed to calculate the high energy scattering amplitudes for general higher 
mass levels with fixed N R + Nl- With one compactified coordinate, the mass spectrum 
of the second vertex of the amplitude is 

(19) Mf = (^f + \njR^ +N R + N L -2. 

We now have more mass parameters to define the "high energy limit". We are going 
to use three quantities E 2 ,M 2 and N R + Nl to define different regimes of "high energy 
limit" . The high energy regime defined by E 2 ~ Mf ^> N R + Nl will be called Mende 
regime (MR). The high energy regime defined by E 2 > Mf , E 2 > N R + N L will be called 
Gross region (GR). In the high energy limit, the polarizations on the scattering plane for 
the second vertex operator are defined to be 



(20) e p = ^-( Vp 2 + Mf,p,0,0), 



(21) 6 W 2 ^V p2 + M 2'°'°J' 

(22) e T = (0,0,l,0) 

where the fourth component refers to the compactified direction. In the MR, we will use 
[19] 

(23) \N l ,r, q L , R ) = {a\) NL - 2qL (a^ ® (a* j"*" 2 " 1 (a F 2 ) qR |0> 
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as the second vertex operator in the calculation of high energy scattering amplitudes. The 
high energy scattering amplitudes in the MR can be calculated to be 

A ^ ^ gsin0( SL + t L ) \^ ^ qsm^jsn + t^ y* ' 

_ N t% (s R - 2K 1R ■ K 2R ) 

2K 2R ■ K 3R ) + — ^ - 2 

} 4 



Nr / ^ \ q L +QR 

2M 2 q 2 sm 2 (f) / 




_ x t\ (s L - 2K 1L ■ K 2L ) 

t L - 2K 2L -K 3L )+ —± 5 '- 

/ s L 




(24) ■ ^ (7r SL /2) sin (^72) /_ _ ^ _ ««\ / _ *l «l\ 
V ; sin (iru L /2) V 2 2y \ 2 2/ 

Eq.(24) is valid for E 2 ^>N R + N L , Mf > N R + N L . 



2.1. The infinite linear relations in the GR. For the special case of GR with 
E 2 > Mf , Eq.(24) can be further reduced to 

„ m ,.,_^r N 7-^r°v^ ^ 3 



_ , , , . , , .... . sm — cos 

£ 2 »Mf V E I V 2M ?J V 2 / 

sin (ttsl/2) sin (%t R /2) f tint + ulnu — (t + u) ln{t + u) 

v ) ' ■ — 7 77v\ exp 



sin (nu L /2) 1 V 4 

We see that, in the GR, for each fixed mass level with given quantized and winding mo- 
menta (^, |ni?), we have obtained infinite linear relations among high energy scattering 

amplitudes of different string states with various Note also that this result re- 

/ \ql+qr 

produces the correct ratios [ — 2 ^J obtained in the previous works [16, 17, 18]. 
However, the mass parameter M 2 here depends on ^nRj. 

2.2. Power-law and breakdown of the infinite linear relations in the MR. 

The power-law behavior of high energy string scatterings in a compact space was first 
suggested by Mende. Here we give a mathematically more concrete description. It is easy 
to see that the "power law" condition, i.e. Eq.(3.7) in Mende's paper [20] 

(26) k\L ■ k 2L + kiR ■ k 2R = constant, 
turns out to be 

^p 2 + M 2 -^p 2 + M 2 +p 2 + 2(k 1 -K 2 + L 1 - L 2 ) 

(27) = constant. 

As p — > 00, due to the existence of winding modes in the compactified closed string, it is 
possible to choose (^K 1 ,K 2 ;L 1 ,L 2 ^ such that 

(28) K 1 -K 2 + L 1 -L 2 < 0, 



POWER-LAW BEHAVIOR OF HIGH ENERGY STRING SCATTERINGS IN COMPACT SPACES 5 



and let (jCi ■ K 2 + L\ • L 2 ^j — > — oo to make 

(29) kiL ■ k 2 i + kiR ■ k 2 R — constant 

(30) =>- Sl + Sr ~ constant. 

In our calculation, this condition implies the beta functions in Eq.(24) reduce to 

b(-i-**-i-?*)b(-i-±-i-^ 

V 2 ' 2 J V 2 2 

m) sin (ns R /2) r(-fr - - l)r(-fr - l)r(-f - 1) 

nf (1 + f ) (-1 + f ) 

which behaves as power-law in the high energy limit! On the other hand, it is obvious 
that the (qi, qn) dependent power factors of the amplitude in Eq.(24) 

/ -| \ QL+QR 



2M 2 q 2 sin 2 (j> 



(32) • \(t L - 2K 2L ■ K 3L ) + 



f x t R (sR-2K m -K 2R ) 
(t R - 2K 2R ■ K 3R ) + ^ 

t\ [s L - 2K 1L ■ K 2I )j 



QR 



S 2 



show no linear relations in the MR. Note that the mechanism to break the linear relations 
and the mechanism to enhance the amplitude to power-law are all due to E ~ M 2 in the 
MR. In our notation, Eq.(26) is equivalent to the following condition 

(33 ) Inn vg^vg±^ „ ^ „ _ 0(1) 



V i? 2 +4 nin2jR2 

For our purpose here, as we will see soon, it is good enough to choose only one compactified 
coordinate to realize Eq.(33). First of all, in addition to Eq.(14) and Eq.(15), Eq.(4) 
implies 

(34) mini = 0, i = 1, 2, 3, 4 (no sum on i). 

This is because three of the four vertex are tachyons. Also, since we are going to take n 2 
to infinity with fixed Nr + Nl in order to satisfy Eq.(33), we are forced to take m 2 = 0. 
In sum, we can take, say, mi = for i = 1, 2, 3, 4, and n\ = — n 2 = —n, n 3 = — 2n, n 4 = 0, 
and then let n — > oo to realize Eq.(33). Note that it is crucial to choose different sign for 
n\ and n 2 in order to achieve the minus sign in Eq.(33). We stress that there are other 
choices to realize the condition. One notes that all choices implies 

(35) N R = N L . 

It is obvious that one can also compactify more than one coordinate to realize the Mende 
condition. We conclude that the high energy scatterings of the "highly winding string 
states" of the compactified closed string in the MR behave as the unusual UV power-law, 
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and the usual linear relations among scattering amplitudes break down due to the unusual 
power-law behavior. 

This work is supported in part by the National Science Council, 50 billions project of 
Ministry of Educaton and National Center for Theoretical Science, Taiwan, R.O.C. 
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